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We investigate nonanalyticities (e.g., zeros and poles) of refractive index n(ω) and group in-
dex ng(ω) in different optical setups. We first demonstrate that: while a Lorentzian dielectric has
no nonanalyticity in the upper half of the complex frequency plane (CFP), its group index —which
governs the pulse-center propagation— violates the Kramers-Kronig relations (KKRs). Thus, we
classify the nonanalyticities as in the (a) first-order (refractive index or reflection) and (b) second-
order (group index or group delay). The latter contains the derivative of the former. Then, we study
a possible connection between the negative superluminal velocities and the presence of nonanalyt-
icities in the upper half of the CFP. We show that presence of nonanalyticities in the upper half of
the CFP for (a) the first-order response and (b) the second-order response are accompanied by the
appearance of negative (a) phase velocity and (b) group velocity, respectively. We also distinguish
between two kinds of superluminosity, v > c and v < 0, where we show that the second one (v < 0)
appears with the violation of KKRs.
I. INTRODUCTION
Possibility of superluminal propagation is an old, but
still an open, question on which intriguing research con-
tinues [1–8]. Tracking the pulse peak, Poynting vector
or energy average, all, demonstrate superluminal propa-
gation [5–7, 9], thus confirm the observation of superlu-
minosity in experiments [1–4]. These pulse-center track-
ing methods for defining the propagation velocity, how-
ever, are shown as not-reliable measures for a propaga-
tion speed [7, 10]. If they would truly correspond to a
realistic flow of the information, the response function
should present nonanalyticities in the upper half (UH) of
the complex frequency plane (CFP), UH-CFP 1. Indeed,
some recent studies [12–15] show that the wave-front (sig-
nal) velocity, an infinitesimally sudden disturbance, does
not exceed c, the vacuum velocity of light, in these media.
Apart from the pulse-center superluminosity, there ex-
ist optical setups whose transfer functions (e.g., reflec-
tion) display nonanalyticities in the UH-CFP [16–19]. In
such “causal” devices [16–19], like a Gires-Tournois in-
terferometer [17] and an all-pass filter [16, 18], multiple
interference effects can make the transfer functions vio-
late the Kramers-Kronig relations (KKRs) by introduc-
ing nonanalyticities in he UH-CFP. Actually, this should
not be too surprising. Because, we already know that,
amplitude of a wave (radiation or particle) can vanish in
a spatial region via interference at specific wavelengths.
Such a phenomenon, most possibly occurring owing to
the (assumption of) instantaneous spreading of the wave-
function 2 to infinity [21, 22], appears also in relativistic
1 That is, response function should not vanish for advanced
times [11], i.e., by displaying nonanalyticities in the UH-CFP.
2 That is, in the wave mechanics treatment we already assume such
interferences happen before the propagation of the pulse [20].
equations [23, 24].
In such setups, defining a tunneling time can also be
problematic [25–27] since wavepacket appears to tunnel
barriers of different thicknesses at equal time [28]. Tough
relativistic field theory treatments of evanescent waves
exhibit superluminal transport [29, 30], without violating
the weak causality 3, again a superluminal propagation
is discussed to be not possible in such systems [29, 30].
Recent studies show that violation of Kramers-Kronig
relations (KKRs), i.e., nonclassicalities being located in
the UH-CFP, can appear also in an Otto configura-
tion [31] and in a gain slab [32] 4. In addition to such
interference-origined setups [16–19, 31, 32], in this work
we explore that transfer functions of an optomechanical
system can also violate the KKRs. We show that in an
optomechanical system, zeros of reflection/transmission
R(ω),T (ω) move to the UH-CFP by increasing the cavity-
mirror coupling over a critical value g > gcrt.
The studies, we mention above, explore the nonan-
alyticities of a single wavelength (e.g., phase velocity)
response. The superluminosity, observed in the experi-
ments [1–4] and theories [5–8], however, demonstrate su-
perluminal pulse-center propagation which is governed
by the group behavior. Group velocity contains the
derivative of the refractive index, i.e., vg = dω/dk and
ng(ω) = n(ω) + ωdn/dω [9, 11]. Thus, if one aims to
explore the nonanalyticities corresponding to the super-
luminal propagation observed in Refs. [1–8], she/he needs
to investigate the nonanalyticities of ng(ω).
3 Weak causality is the satisfaction of Einstein causality for ex-
pectation values or ensemble averages merely, but not for each
individual process [21].
4 Although a new method [33] is derived for relating real and
imaginary parts of the refractive index, for application (experi-
mental) purposes; violation of KK relations, i.e. G(τ) 6= 0 for
τ < 0, is not circumvented yet. M.Suhail Zubairy— private
communication.
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2In this paper, we investigate the nonanalyticities (ze-
ros/poles) of both (i) first-order response (can be refrac-
tive index or reflection/transmission functions) and (ii)
second-order response [can be group index or group de-
lay τR(ω)]
5. We study (a) a uniform Lorentzian dielec-
tric, (b) reflection/transmission from/by (b) an absorb-
ing slab, (c) a periodic structure, (d) Otto configuration,
and (e) and optomechanical system 6. We also present
a differentiation between two kinds of superluminousity,
vg > c and vg < 0 (or τR < 0).
First, we consider a uniform Lorentzian dielectric
medium. We notice that when the nonanalyticities of
the group index ng(ω) move into the upper half of the
CFP (UH-CFP), the group velocity becomes negative
vg < 0. We also observe that for vg > c, nonanalytici-
eties of ng(ω) remain in the lower half of the CFP. Thus,
we decide that positive superluminosity (i.e. vg > c) in
a Lorentzian medium [1–8] can be deemed analogous to
v = c/n(ω) > c in a first-order (single frequency wave)
response.
The observation “vg < 0 in a Lorentzian medium when
nonanalyticities of ng(ω) move into the UH-CFP” trig-
gers us for further research. Systems (b)-(e) are also
known for exhibiting negative group delays in the re-
flected/transmitted pulses [31, 34–37]. So, we also inves-
tigate the nonanalyticities of the second-order response
(τR(ω) = dφR/dω or n
(eff)
g = neff + ω dneff/dω) in
the setups (b)-(e). Here, φR,T is the phase of the re-
flected/transmitted wave and neff(ω) is an effective re-
fractive index [38, 39]. We find that, also in systems (b)-
(e), where τR < 0, nonanalyticities of the second-order
(group) response lye in the UH-CFP.
This result further intrigues us if the situation is similar
for the first-order (single frequency wave) response, e.g.,
in R(ω) or T (ω). We find that an abrupt sign change
in the phase-velocity (single frequency phase delay φR)
and the effective index neff(ω), from positive to negative,
accompanies the movement of the nonanalyticities of the
first-order response to the UH-CFP. This happens both in
(d) Otto configuration and (e) optomechanical setup. We
remark that the systems (a)-(c) already do not possess
any nonanalyticity in the UH-CFP regarding the first-
order response.
This interesting result is also partly connected with
the search for negative index materials other than both
µ < 0, < 0 [40–43] 7 and with the relationship between
negative index and KKRs [44–47]. Direct observation of
5 We name the single frequency (refractive index, phase-velocity)
response as the first-order and the group (wave packet) behavior
as the second-order since the latter contains derivative of the for-
mer one. We also aim to introduce a notion for the classification
of the two situations.
6 Nonanalyticities of an optomechanical system are studied here
for the first time, to our best knowledge.
7 We remark that these references discuss the case where group
and phase velocities are counter directed, i.e., v × vg < 0, where
as in our results both v < 0 and vg < 0.
the negative phase velocity in 2D hexagonal boron ni-
tride (h-BN), via ultrashort scanning near field optical
microscopy (SNOM) techniques [48], promotes new re-
search in this field.
It is also worth noting that “none” of the setups (a)-
(d), we study here, exhibit gain which could be argued
as being responsible for nonanalyticities in the UH-CFP.
While (e) an optomechanical system [36, 49–51] makes
use of a coupler (pump) laser for tuning the effective
cavity-mirror interaction g, we demonstrate that the form
of this effective interaction hamiltonian (actually) does
not necessitate the presence of gain.
The paper is organized as follows. In Sec. II.1, we
revise the insight for phase and group velocity, and
Kramers-Kronig relations. In Sec. II.2, we introduce the
effective index method which we use as an alternative
approach for demonstrating negative velocities. We first
study the second-order response, Sec. III. We study the
setups (a) uniform Lorentzian dielectric, (b) absorbing
slab and (c) reflection form a periodic structure which
are known to exhibit negative group delay τR < 0. We
find that the negative group delays [31, 34–37], actually,
accompany the presence of nonanalyticities in the UH-
CFP. In Sec. IV, we investigate if such a situation exists
also in the first-order response. We show that, indeed,
a negative phase-velocity accompanies the movement of
nonanalyticities to the UH-CFP both in (d) Otto con-
figuration and (e) optomechanics. Sec. V contains our
summary and conclusions.
II. A SHORT REVIEW OF BACKGROUND
INFORMATION
II.1. Phase velocity, Group velocity and
Kramers-Kronig relations
In this section, we revise the notion of group velocity
and group delay τR,T (ω) via a widely preferred illustra-
tive approach. We pay attention to τR,T (ω), because we
determine the nonanalyticities of ng(ω) and τR,T (ω) in
the following sections.
Phase velocity of a single frequency sine wave sin(kx−
ωt) is set by the refractive index of the medium, i.e.,
x/t = ω/k = c/n(ω). When several numbers of such sine
waves superpose (a wave packet)
E(x, t) = E0 [sin(k1x− ω1t) + sin(k1x− ω1t)]
= E0 sin(kx− ωt) cos(∆k x−∆ω t), (1)
two velocities introduce. v = ω/k is the phase veloc-
ity while vg = ∆ω/∆k is the envelope (group) veloc-
ity. Here, ∆k = (k2 − k1)/2, ∆ω = (ω2 − ω1)/2 and
k = (k2 +k1)/2 ' k1,2, ω = (ω2 +ω1)/2 ' ω1,2. The sec-
ond velocity vg determines the propagation of the envelop
or the pulse-center [5–9]. Tough behavior of the wave
packet propagation can also be demonstrated via rigor-
ous derivations, e.g., in common textbooks [11], here we
rather prefer the illustrative approach given in Eq. (1).
3Similar to the refractive index n(ω) = k/ω, the group
index ng(ω) = dk/dω needs not possess any nonana-
lyticity in the UH-CFP. Otherwise, an event which has
not happened yet would affect the pulse-center (second-
order) propagation, i.e., G(t − t′) 6= 0 for t′ > t [11].
As the Kramers-Kronig relations (KKRs) are obtained
assuming that all the nonclassicalities lye in the lower
half of the CFP, pulse-center propagation would also vi-
olate the KKRs. Although KKRs can be “reorganized”
for obtaining the real part of the index from the absorp-
tion (imaginary part) [33] 4, the problem with the causal
structure of the response function remains 8.
When the medium is not a uniform one, but contains
reflecting/transmitting layers, e.g., an absorbing slab in
Fig. 3; the group delay τR can be determined from the
phase of the reflected wave [34, 36, 49] R(ω) = |R(ω)|eiφR
as follows. Again, superposition of two close-lying fre-
quencies at a fixed position x = 0 can be written as
E(t) = E0 sin(−ω1t+ φ1) + E0 sin(−ω2t+ φ2)
= E0 sin(−ωt+ φ) cos(∆ω t−∆φ), (2)
where the movement of the envelop (group propaga-
tion) is determined again by the cosine part [34, 36, 49].
Hence the group delay around frequency ω is τR(ω) =
(dφR/dω
′)ω. A rigorous derivation can also be performed
via the same treatment given in standard textbooks [11].
Similar to ng(ω) in a uniform medium, τR(ω) needs to
satisfy the KKRs in a setup divided into different indexed
materials.
We investigate the first and second-order nonanalytic-
ities of the systems (b)-(e) by exploring the zeros/poles
of R(ω),T (ω)) and τR(ω), respectively.
II.2. Effective index Method
We also use an effective index neff(ω) method in ex-
ploring the nonanalyticities of the setups (b)-(e), both
for phase and group response, in addition to R(ω) and
τR(ω). We adapt the effective index as an alternative
method to double-check the presence of nonanalyticities
in the UH-CFP and the negative velocities. Effective in-
dex method, we summarize below, is commonly utilized
for various optical elements, especially for metamateri-
als [38, 39].
The method is quite straightforward. There is an op-
tical element whose reflection R(ω) and/or transmission
8 We kindly underline that: by calling “violation of KKRs” we do
not imply the “violation of causality” in such devices. Calling as
“violation of KKRs” we always have in mind the existence of a
method/reason (yet not known) to circumvent from “violation of
KKRs” implying “violation of causality”. This, for instance, can
be a flaw due to the instantaneous spreading of the wavefunctions
to infinity [21, 22]. These devices [16–19, 31] are already “causal”
devices. As a further example, in the optomechanical setup,
violation of KKRs can be circumvented [52] by admitting the
results of Refs. [53–55] and [56, 57].
T (ω) coefficients are known. The question is: what kind
of a refractive index neff(ω) one can assign to this opti-
cal element such that the index neff(ω) results the same
R(ω) and T (ω) coefficients. We note that this is a strong
restriction on neff(ω) since it has to match the optical
element for all ω values. The details of the method can
be found in Refs. [38, 39].
Assuming a nonmagnetic medium, which is the case
in most optical elements, the effective dielectric function
can be determined [38, 39] as
eff(ω) =
(R(ω)− 1)2 + T˜ 2(ω)
(R(ω) + 1)2 − T˜ 2(ω) (3)
for a finite thickness L optical element with T˜ (ω) =
T (ω)eikL.
When the optical element occupies a semi-infinite
space, e.g., reflection from a semi-infinite periodic struc-
ture in Fig. 5 or the Otto configuration in Fig. 7, effec-
tive dielectric function can be found simply by equating
the reflection coefficient R(ω) to the reflection formula
r(ω) given in standard textbooks [11, 58] for various in-
cidence conditions. In obtaining the effective group index
n
(eff)
g (ω), we simply use n
(eff)
g (ω) = neff(ω) + ω dneff/dω.
III. NONANALYTICITIES IN THE
SECOND-ORDER RESPONSE
In this section, we investigate nonanalyticities of
the second-order (group) response in (a) a uniform
Lorentzian dielectric medium, reflection/transmission
by/through (b) an absorbing slab and (c) a semi-infinite
periodic structure. We demonstrate that the observed
negative velocities [34, 35] actually accompany the pres-
ence of nonanalyticities in the UH-CFP for the second-
order (group, wave packet) response functions.
III.1. Uniform Lorentzian dielectric
As the first example, which triggered the research in
this work, we consider (a) a uniform medium filled with
a Lorentzian dielectric function [59]
(ω) = c + f
ω20
ω20 − ω2 − iγω
, (4)
where ω0 is the resonance frequency, f is the oscilla-
tor strength and γ is the damping rate, e.g., of a dye
molecule. c is an arbitrary dielectric constant for the
background polarization. Here, also throughout the text,
we choose the positive imaginary part root for the refrac-
tive index in n2(ω) = (ω), i.e., nI(ω) > 0 with n(ω) =
nR(ω) + inI(ω). This choice constraints an absorbing
(passive) medium. Actually, for a Lorentzian medium
the two choices nI(ω) > 0 and nR(ω) > 0 are equiv-
alent. In an electrically induced transparency (EIT)-
like medium [60], e.g., for the index enhancement phe-
nomenon nR(ω) > 0 is constrained [60–65]. Because an
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FIG. 1. (a) Nonalayticities of a Lorentzian refractive in-
dex n(ω), Eq. (4), in the complex frequency plane. Cir-
cles (stars) are poles (zeros) of the refractive index n(ω).
All poles and zeros rely in the lower-part of the complex
frequency plane implying that n(ω) satisfies the Kramers-
Kronig relations (KKRs). (b) Nonalayticities of the group
index ng(ω) = n(ω) + ωdn(ω)/dω for a Lorentzian dielectric
function. The two zeros rely on the upper half of the CFP,
implying a possible violation of the KKRs. Propagation ve-
locity of a wavepacket, which is observed to be superluminal,
is governed by the group index.
auxiliary pulse is used in such systems which makes the
system an active medium, thus, allowing nI(ω) < 0.
The choice nR(ω) > 0, in Refs. [60–65], is made to
avoid a negative-index medium. In all of the systems
we study here, including the form of the hamiltonian in
optomechanics, there is no gain. So we set the constraint
nI(ω) > 0.
As it is well-known from electromagnetism text
books [11, 58] all the nonanalyticities of a Lorentzian
index (more generally response function) are in the lower
half of the complex frequency plane (CFP), see Fig. 1a.
This is constrained by the principle that only the events
from the past can affect the present fields/polarization
D(t) =
∫ t
−∞G(t− t′)E(t′). Thus G(t− t′) = 0 for t′ > t.
This implies a vanishing contour-integral in the upper
half (UH) of the CFP (UH-CFP), thus, absence of non-
analyticities in the UH-CFP.
Wave packet propagation, e.g., movement of the pulse-
center of energy/Poynting [5–7, 9], however, is governed
by the group response (group velocity). That is, pulse-
center movement [1–4] is shown to follow the behavior
of the group velocity [5–7, 9, 10, 66] which can be de-
duced from the envelop propagation in Eq. (1). Both
pulse-center movement and group velocity demonstrate
superluminal propagation in the experimental and theo-
retical studies [1–7, 9, 10, 66] .
Fig. 1b shows that the group velocity vg = dω/dk,
or the group index ng(ω) = n(ω) + ω dn/dω, can possess
nonanalyticities in the UH-CFP. Thus, this creates a pos-
sibility for the superluminal propagation in the second-
order response, i.e., group velocity or pulse-center veloc-
ity. Because presence of an actual superluminal prop-
agation necessitates the violation of KKRs via allowing
the communication of causally-not-connected regions in
classical electromagnetism. This result, i.e., presence of
nonclassicalities of ng(ω) in the UH-CFP, actually, is not
so surprising and it is not a strike against the causal
structure of the electromagnetism. Because the physical
meaning of the pulse-center propagation is already un-
der debate and actual signal can be demonstrated as the
movement of an infinitesimally sudden disturbance [12–
15].
Therefore, the result is to be interpreted as fol-
lows. If vg(ω), or pulse-center velocity, would corre-
spond to an actual flow —see Refs. [7, 10] for a counter
demonstration— it would allow communications between
not-connected electromagnetic regions.
The first time we obtained the result of Fig. 1b, we
instantly thought that we became able to explain the ap-
pearance of the superluminal group velocity vg > c in
theoretical [5–7, 9, 10, 66] and experimental [1–4] stud-
ies. We, however, failed in that. Fig. 2 demonstrates that
nonanalyticities of ng(ω) move to the UH-CFP when the
group velocity becomes negative vg < 0. For the pa-
rameters where vg > c takes place, the nonanalyticities
of ng(ω) remain in the lower half of the CFP. In other
words, when vg > c, the second-order response function
ng(ω) does not violate the KKRs.
This result makes us consider the superluminal group
behavior vg > c as being similar (or analogous) to the
behavior of the phase velocity v = c/n(ω) > c for n(ω) <
1.
More importantly, the observation “vg < 0 when non-
analyticities move into the UH-CFP” intrigued us for
further research. The phenomenon depicted in Fig. 2
appears in the second-order (group) response. The new
question became: whether a similar situation appears
also in the first-order response? In other words, does
a negative phase velocity accompanies the presence of
nonanalyticities of R(ω) in the UH-CFP, calculated in
Refs. [16–19, 31] ? In Sec. IV, we see that this indeed
is the case. Both (1) interference effects, e.g., a jump-
like behavior in a zero-amplitude finite spatial region 9,
and (2) mirror-cavity coupling introduce nonanalyticities
9 More explicitly, we imply the following. Let us consider an
optical element divided into three regions of different refractive
indices in space, e.g., like the one in Figs. 3 or 8. At specific wave-
lengths the reflected wave from the second interface can cancel
the transmitted wave from the first interface perfectly. This may
introduce a finite-size spatial region in which the wave at that
specific frequency cannot enter for a specific wavelength. So, such
a wave needs to jump, e.g., from x = 0 to x = L. This instance
is possible to be responsible for the nonanalytical behavior we
observe in the UH-CFP.
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FIG. 2. (a) The location of the nonanalyticities of the group
index ng(ω) for a Lorentzian dielectric, Eq. (4). Nonanalytic-
ities move into the upper half (UH) of the complex frequency
plane (CFP), UH-CFP, for the oscillator strength f > γ2.
γ is scaled with the resonance frequency ω0. (b) The group
velocity becomes negative after the same strength, f > γ2,
where the nonanalyticities in the second-order response ng(ω)
move into the UH-CFP.
in the UH-CFP below/above critical vales of the system
parameters. The transition into the UH-CFP is accom-
panied by a sudden change in the sign of the phase ve-
locity 8. We demonstrate the accompaniment also using
the effective index method.
One critical conclusion we deduce from this subsection
is: the different natures of two superluminal behaviors,
vg > c and vg < 0, both referred as superluminal in
the literature [1, 2, 34, 36]. The pulse-center movement
for vg < 0 [34, 36], not a physical propagation [12–15],
violates the KKRs while vg > c does not.
III.2. Absorbing slab
An absorbing slab is also known for exhibiting negative
group delays τR (second-order response) in the reflected
wave [34]. Ref. [34] demonstrates that such a setup ex-
hibits negative group delays τR at some specific wave-
lengths. Recent studies [31, 32], however, find that the
response functions R(ω) and T (ω) do not have any non-
analyticities in the UH-CFP, despite the observed nega-
tive group delays.
Noting that negative superluminal delay is calculated
for the “group” behavior, we also check the nonana-
lyticities of ng(ω), or τR(ω) equivalently. Since the
optical setup in Fig. 3 is not a uniform medium, un-
like in Sec. III.1, we calculate the effective group in-
dex n
(eff)
g (ω) = neff + ω dneff/dω from the effective in-
absorbing
slab
𝒅
incident
reflected
transmitted
FIG. 3. Reflection and transmission through an absorbing
slab. Group delay τR(ω) of the reflected wave displays nega-
tive group velocities [34].
dex neff(ω) as described in Sec. II.2. In Fig. 4, we ob-
serve that: while the first-order [R(ω),T (ω)] response
does not exhibit any nonanalyticity in the UH-CFP, see
Fig. 4a, the second-order (group) response displays non-
analyticities in the UH-CFP, see Fig. 4b for τR(ω) and
Fig. 4c for n
(eff)
g (ω). In Figs. 4b and 4c we double-check
the presence of the nonanalyticities in the UH-CFP by
evaluating τR(ω) = 0, 1/τR(ω) = 0 and n
(eff)
g (ω) = 0,
1/n
(eff)
g (ω) = 0, respectively. We note that some of the
nonanalyticities are missing in Fig. 4 due to our finite
scanning interval for the solutions.
Therefore, one more time, we come to show the fol-
lowing phenomenon. A negative superluminal “group”
delay, governing a wave packet propagation, accompa-
nies the presence of nonanalyticities in the UH-CFP for
τR(ω) = dφR/dω and n
(eff)
g (ω). φR(ω) is the phase of
the reflected wave R(ω) = |R(ω)|eiφR(ω). We still re-
mark that group propagation is demonstrated not to cor-
respond to a superluminal flow of the information [12–
15], but it stands for the pulse-center propagation [5–8].
Nevertheless, if it has been corresponding to an infor-
mation flow, presence of the nonanalyticities in the UH-
CFP could have made the setup a “possible” candidate
for achieving superluminal response.
III.3. Reflection from a periodic structure
One another optical setup known for displaying neg-
ative superluminal group delay is the reflection from a
semi-infinite periodic structure [35, 67, 68] depicted in
Fig. 5. We show that, in this case too, the negative
group delay [35, 67, 68] accompanies the presence of non-
analyticities in the UH-CFP belonging to the group re-
sponse τR(ω), see Fig. 6. Such a behavior, again, ap-
pears in the second-order response (group behavior), i.e.,
τR(ω) = dφR/dω. The nonanalyticities of the first-order
[phase velocity or R(ω)] response do not exhibit any non-
analyticity in the UH-CFP (not depicted).
We calculate an effective index neff(ω) also for this
setup as an alternative method for a double-check. How-
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FIG. 4. Absorbing slab. (a) Nonanalyticities of the first-order
response function R(ω) do not rely in the upper-half (UH) of
the complex frequency plane (CFP), UH-CFP. Neither a neg-
ative phase-velocity appears in the first-order response. How-
ever, nonanalyticities of the second-order (group) response (b)
τR(ω) and (c) n
(eff)
g (ω) rely in the UH-CFP where negative
group delays (velocities) are observed in Ref. [34].
𝒅𝟏
incident
reflected
. . .𝑛1 𝑛2 𝑛1 𝑛2 𝑛1 𝑛2
Periodic structure
𝒅𝟐
FIG. 5. A pulse reflected from a semi-infinite periodic struc-
ture exhibits negative group delays [35, 67, 68], i.e., τR < 0.
ever, we unable to make the subroutine solve the equa-
tions n
(eff)
g (ω) = 0 or 1/n
(eff)
g (ω) = 0 for this setup.
It is worth further mentioning that: we also investigate
the nonanalyticities of an infinite periodic structure [69–
71]. Effective index [69] does not display any nonanalyt-
icity in the UH-CFP.
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zeros of R( )
reflection from a semi-infinite periodic str.
FIG. 6. Reflection from a periodic structure. Nonanalytici-
ties of the second-order (group) response, i.e., τR(ω), are lo-
cated in the UH-CFP. Thus, negative group delays [35, 67, 68]
accompany the violation of KKRs by the second-order re-
sponse function τR(ω). Zeros of the first-order response, not
depicted, are on the real-ω axis.
IV. NONANALYTICITIES IN THE
FIRST-ORDER RESPONSE
In the previous section we examined the accompani-
ment of a negative group velocity to the presence of group
response nonanalyticities in the UH-CFP. We demon-
strated this phenomenon in the second-order (group) re-
sponse, i.e., where response function is associated with
the derivative of the first-order response, ng(ω) = n(ω)+
ω dn/dω or τR(ω) = dφR/dω.
In this section, we investigate if a similar accompani-
ment appears also in the first-order response, i.e., n(ω) or
R(ω), T (ω). In difference to the examples studied above,
in this section we present two optical setups in which lo-
cations of the nonanalyticities move from lower half of the
CFP (LH-CFP) to the upper half of the CFP (UH-CFP)
via change of parameters. In the first setup, Otto config-
uration [31], nonanalyticities appear in the UH-CFP due
to interference effects 9. In the second setup, an optome-
chanical system [36, 49–51], the mechanism responsible
for the presence of nonanalyticities in the UH-CFP, how-
ever, has different origins. It is not the interference, but,
achieving a critical cavity-mirror coupling strength on-
setting correlations with a mechanical oscillator.
IV.1. Otto configuration
IV.1.1. Otto Configuration Setup
In Fig. 7, we depict an Otto configuration [31]. An
optical frequency light Einc is incident to a prism/air
gap interface at an angle θ = 20o [31]. Part of the wave
is transmitted into the air gap of thickness d and re-
maining part is reflected Eref . A very thick metal (in
general an absorbing medium) slab of dielectric func-
7𝒅(incident)
(reflected)
Metal
. . .
𝝐𝟑Air
𝑬𝒊𝒏𝒄
𝑬𝒓𝒆𝒇
𝜽
𝝐𝟏
Prism
Otto configuration
FIG. 7. Otto configuration; a 3 layer system. Optical light,
incident to an air gap (2 = 1) from the a higher index
prism (1 = 9), is reflected Eref and transmitted Etrans
into the air gap. The part transmitted into the air gap
is reflected/transmitted again in a air/metal interface (not
shown). Metal slab is very thick, thus, considered as semi-
infinite in the calculations of Ref. [31]. First-order response
function R(ω) = Eref/Einc is investigated in the present
work. θ = 20o.
tion 3 follows the air gap, where again a transmis-
sion/reflection takes place. Ref. [31] investigates the lo-
cations of the nonanalyticities of the transfer function
(reflection) R(ω) = Eref/Einc. The reflection coefficient
are calculated [31] as
R(ω) = (p1+p2)(p2−p3)e
−kηad+(p1−p2)(p2+p3)ekηad
(p1−p2)(p2−p3)e−kηad+(p1+p2)(p2+p3)ekηad
(5)
for an infinitely thick metal slab, where k is the wavenum-
ber in vacuum, p1 = (1 − k2y/k2)1/2/1, p2 = iηa/2,
p3 = iηb/3, ηa = (k
2
y/k
2 − 2)1/2, ηb = (k2y/k2 − 3)1/2,
ky = k
1/2
1 sin θ
10. Ref [31] calculates a 2D diagram of
Re{3} and Im{3} axes demonstrating in which regimes
nonanalyticities of the R(ω) are in the UH-CFP or LH-
CFP. Nonanalyticities are shown to appear in the UH-
CFP also for a Drude dielectric function (for 3).
IV.1.2. Nonanalyticities
In Fig. 8a, we regenerate the results of Ref. [31] for
a fixed Im{3}=5 and when Re{3} scans -20 and -
15 11. Nonanalyticity of R(ω) move into the UH-CFP
at about Re{3} ' −17.54 as demonstrated in Fig. 8a
and Ref. [31]. In Fig. 8b we demonstrate that the phase
of the transfer function R(ω) = |R(ω)|eiφR changes sign
to a negative value at Re{3} ' −17.54 indicating a sign
10 Ref. [31] calculates also the nonanalyticities of the transmission
into the 3 medium and obtains the same conditions for the lo-
cations of the nonanalyticities. Here, we do not consider it since
3 is a semi-infinite medium.
11 These two values correspond to points (b) and (c) in Ref. [31]
Fig. 2.
FIG. 8. A negative phase-velocity accompanies the move-
ment of the nonanalyticities into the upper-half (UH) of the
complex frequency plane (CFP), UH-CFP, also for the first-
order response. (a) The location of the nonanalyticities of
R(ω) in an Otto configuration (Fig. 7). Nonanalyticities of
the first-order response become located in the UH-CFP for
Re{3} > −17.54. 3 is the dielectric constant of the absorb-
ing medium in Fig. 7 and we set Im{3} =5. (b) Exactly at
the same place Re{3} > −17.54, the phase of the reflected
wave, the sine term in Eq. (2), displays an abrupt change from
positive to negative.
change in the phase velocity. This happens exactly at the
same place where nonanalycities move to the UH-CFP in
Fig. 8a.
Therefore, we clearly observe that a negative phase ve-
locity 12 accompanies the appearance of nonanalyticities
in the UH-CFP also in the “first-order” response func-
tions R(ω), T (ω). This is in analogy with the behavior of
the second-order response functions studied in Sec. III.
IV.1.3. Nonanalyticities via effective index method
As an alternative method, for a double-check, we also
investigate the behavior of the effective dielectric function
eff(ω) [38, 39]. We check (1) if the nonanalyticities of
eff(ω) move into the UH-CFP at the same parameter
12 We kindly remark that φR in R(ω) = Eref/Einc = |R(ω)|eiφR
reports the change of the phase with respect to the incident wave.
8with R(ω),i.e., as in Fig. 8, and (2) if the effective index
(velocity) display a sign change at the place Re{3} '
−17.54.
Ref. [31] calculates R(ω), given in Eq. (5), for a semi-
infinite metallic slab 3 (we mention it as very thick) —
i.e., not a finite region as in Fig. 13 or Fig. 3. So, we cal-
culate the effective dielectric function from the prism/air
gap interface. Reflection of TM waves on an n1/n2 (or
n2/neff) interface is given by [11, 58]
r(ω) =
eff cos θ − n1
√
eff − n21 sin2 θ
eff cos θ + n1
√
eff − n21 sin2 θ
(6)
for a nonmagnetic medium. We determine the effective
dielectric function eff = n
2
eff by equating this reflection
coefficient to the one calculated for the Otto configura-
tion in Ref. [31], i.e., the one given in Eq. (5),
r(ω) = R(ω). (7)
Eq. (7) has two solutions for eff(ω), 
(1)
eff (ω) and 
(2)
eff (ω),
as depicted in Fig. 9 for the same parameter set used in
Fig. 8 and Ref. [31].
We observe that imaginary part of both solutions

(1,2)
eff (ω) change sign exactly at Re{3} ' −17.54 where
nonclassicalities move into the UH-CFP in Fig. 8a. In
Fig. 10, we also present the corresponding effective re-
fractive indices [n
(1,2)
eff ]
2 = 
(1,2)
eff . In calculating n
(1,2)
eff , we
choose the Im{n(1,2)eff } > 0 roots. Because the system is
impossible to display gain. Im{n(1,2)eff } > 0 as the setup
contains only absorptive elements.
Fig. 10 demonstrates that n
(1)
eff (ω) solution presents a
sudden sign change, again exactly at Re{3} ' −17.54,
where nonanalyticities move into the UH-CFP and tran-
sition to a negative phase-velocity 13 is observed in Fig. 8.
We indicate that both solutions n
(1,2)
eff (ω) present a sud-
den sign change at Re{3} ' −17.54. Though their sign
change is opposite, appearance of a sign change in both
solutions obliges the presence of a negative effective in-
dex material in either sides, i.e., Re{3} '< −17.54 or
Re{3} '> −17.54. Keeping in the view that phase ve-
locity changes sign from positive to negative in Fig. 8b,
one can decide the choice of the n
(1)
eff (ω) solution easily.
In Figs. 11 and 12, we examine the phenomenon also
in the wavelength domain. Fig. 11a shows that phase ve-
locity demonstrates negative values when λ < λcrt '640
nm. At exactly the same wavelength, λcrt, effective index
solutions 
(1,2)
eff (ω) display a sign change in the imaginary
part. In Fig. 12a, we observe that the first solution for
the effective index n
(1)
eff (ω) displays the sign change ob-
served in Fig. 11a, i.e., for the phase of R(ω). This is
13 We round up the critical value as Re{3} '> −17.54. The
two phenomena take place (accompany each other) at the same
Re{3} down to 6 digits which we do not present.
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FIG. 9. The effective dielectric function eff(ω) for the Otto
configuration in Fig. 7. The effective dielectric, i.e., ob-
tained from Eq. (7), has two solutions (a) 
(1)
eff and (b) 
(2)
eff .
Imaginary part of both solutions display a sign change at
Re{3} ' −17.54 where (1) nonanalyticities move into the
UH-CFP in Fig. 8a and (2) phase-velocity jumps from a pos-
itive to a negative value in Fig. 8b.
consistent with Figs. 8a,b and 10a. The second solution
can be omitted via similar considerations mentioned in
the previous paragraph.
In summary, in this section we show that a negative
phase velocity accompanies the movement of the non-
analyticities to the UH-CFP in the first-order response,
R(ω), of an Otto configuration. We demonstrate this
phenomenon both (1) by exploring the phase of R(ω),
i.e., φR(ω), and (2) by exploring the sign of the re-
fractive index we obtain via widely used effective index
method [38, 39]. In both cases, negative velocity or neg-
ative index onset exactly at the same critical parameter
where nonanalyticities of R(ω) move into the UH-CFP.
IV.2. Optomechanical System
In this subsection, we investigate the nonanalyticities
of an optomechanical system for the first time —to our
best knowledge. We determine the nonanalyticities of
the first-order response functions R(ω) and T (ω). We
demonstrate that nonanalyticities move into the UH-
CFP above a critical cavity-mirror coupling g > gcrt.
This transition is shown to be accompanied by a sign
change in the reflected phase, see Fig. 14, similar to
our findings in the Otto configuration (Sec. IV.1). As
a double-check, we show that the phase of the effective
index also turns its sign from positive to negative ex-
9FIG. 10. Effective indices n
(1,2)
eff corresponding to the ef-
fective dielectric solutions 
(1,2)
eff (ω). Im{n(1,2)eff } > 0 is con-
strained as the Otto configuration is a passive optics element.
Both solutions n
(1,2)
eff display a sign change (i.e., real part)
exactly at the same place Re{3} ' −17.54 where (1) nonan-
alyticities move into the UH-CFP in Fig. 8a and (2) phase-
velocity jumps from a positive to a negative value in Fig. 8b.
Sign change for both solutions obliges the presence of the neg-
ative index either for Re{3} < −17.54 or Re{3} > −17.54.
The first solution can be decided easily by considering the
sign change of the phase velocity in Fig. 8b.
actly at the same critical coupling g > gcrt, see Fig. 15.
We also show that: while an optomechanical system is a
gain medium, the effective hamiltonian (responsible for
the movement of the nonanalyticities to the UH-CFP)
has a form which does not contain gain.
Presenting the crucial results of the subsection in ad-
vance, we now move to describing how we obtain them.
IV.2.1. Optomechanical system
An optomechancial system [36, 49–51], depicted in
Fig. 13, consists of an optical cavity of resonance ωc,
cavity mode operator cˆ, and an oscillating mirror of res-
onance ωm ∼ 106 Hz of mode operator aˆm. The cavity
mode cˆ interacts with the oscillating mirror via a ra-
diation pressure type coupling Hˆint = h¯g0cˆ
†cˆxˆm where
xˆm = (aˆ
†
m + aˆm)/
√
2 is the displacement of the mechan-
ical oscillator from its equilibrium. A strong (coupler)
laser of frequency ωL pumps the cavity in order to in-
crease the effective coupling between the mirror and the
cavity (so, it is called coupler laser). The full hamilto-
FIG. 11. Wavelength domain. Behaviors of the (a) phase-
velocity and (b,c) effective dielectric functions 
(1,2)
eff (ω) in the
wavelength domain. All changes take place at the same wave-
length λ∗ ' 640 nm.
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FIG. 12. Behaviors of effective indices n
(1,2)
eff (ω) in the
wavelength domain. (a) First solution n
(1)
eff (ω) displays the
same sign change behavior with the phase-velocity (Fig. 11a).
The sign change takes place exactly at the same wavelength
λ∗ '640 nm. Appearance of sign changes on both solutions
obliges the presence of a negative index. Examining the be-
havior of the phase-velocity in Fig. 11a, one can easily decide
the first solution n
(1)
eff (ω).
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FIG. 13. An optomechanical system. The cavity mode cˆ is
pumped by a strong coupler laser of frequency ωL. The oscil-
lating mirror, placed inside the cavity, interacts with cavity
field via a radiation-pressure like coupling. The coupler laser
is employed to turn up the effective cavity-mirror coupling.
The cavity-mirror coupling introduces entanglement [50, 51],
single-mode nonclassicality (e.g., quadrature squeezing) [52]
and nonanalyticities [of R(ω) = εR/εI ] in the UH-CFP as we
show in this study.
nian of the system, in the rotating frame with the laser
frequency is given by [50, 51]
Hˆ = h¯∆ccˆ
†cˆ+ h¯ωmaˆ†maˆm+ h¯g0cˆ
†cˆaˆm+ ih¯εL(cˆ†− cˆ), (8)
where ∆c = ωc − ωL and g0 is the “bare” cavity-mirror
coupling strength. The last term governs the interaction
of the cavity mode with the coupler laser of amplitude
proportional to εL.
Quantum optics features of such a system have been
studied both in the second-quantized picture, investigat-
ing the cavity-mirror entanglement [50, 51] and cavity
mode nonclassicality [52], and in the first-quantized pic-
ture demonstrating the EIT-like behavior [36, 49]. We
initially keep things second-quantized in order to demon-
strate the form of the effective hamiltonian Refs. [36, 49–
51] work around. Then, we work with an infinitesimally
weak probe pulse to obtain the linear response [36, 49] of
the system.
We note that, we only re-present the derivations of
Refs. [36, 49–51]. That is, we do not present any new
result except the locations for the first-order and second-
order response functions of an optomechanical system.
Refs. [50, 51] linearize the Hˆint = h¯g0cˆ
†cˆxˆm about
the steady-state value of the optomechanical system, i.e.,
cˆ = αc + δcˆ and aˆm = αm + δaˆm. δcˆ and δaˆm are the
quantum noise operators which by themselves determine
the entanglement and nonclassicality features [72]. They
represent merely the noise and have zero expectations,
i.e., 〈δcˆ〉 = 0 and 〈δaˆm〉 = 0. The steady-state ampli-
tudes are obtained from the steady-state of equations
x˙m = ωmpm, (9)
p˙m = −γmpm − ωmxm + g0|αc|2, (10)
α˙c = −(κ+ i∆c)αc + ig0xmαc + εL, (11)
using the Heisenberg equations of motion, e.g., ih¯ ˙ˆc =
[cˆ, Hˆ], by replacing operators by c-numbers [49], e.g., cˆ→
αc, and including the damping of the cavity γc and the
mirror γm to the reservoirs. For double and single sided
cavities, κ = 2γc and κ = γc, respectively. The steady-
state values are obtained from Eqs. (9)-(11) by setting
x˙m = p˙m = α˙c = 0. They come out as p¯m = 0, x¯m =
g0/ωm|αc|2 and α¯c = εL/[κ+ i(∆c − g0x¯m)] [50, 51].
So, the effective interaction between the cavity and the
mirror is
Hˆint = g0/
√
2(α∗c + δcˆ
†)(αc + δcˆ)(αm + δaˆm +α∗m + δaˆ
†
m)
(12)
which becomes
Hˆint ' g0/2(α∗cδcˆ+ αcδcˆ†)(δaˆm + δaˆ†m) (13)
when we neglect the third order terms 14, e.g., ∼
δcˆ†δcˆ(δaˆm + δaˆ†m), which corresponds to second or-
der terms in the Langevin equations for noise opera-
tors [50, 51]
δ ˙ˆxm = ωmδpˆm (14)
δ ˙ˆpm = −γmδpˆm − ωδxˆm + g0(α∗cδcˆ+ αcδcˆ†) + gmm(t)
(15)
δ ˙ˆc = (−κ+ i∆)δcˆ+ ig0αcδxˆm + gcaˆin(t), (16)
where aˆin(t) and ˆin(t) are input noise for the cavity and
mechanical modes. ∆ = ∆c−g0xm appears in the steady
state solution of Eqs. (9)-(11).
In the linearization procedure, both in Refs. [50, 51]
and Refs. [36, 49], second order terms are neglected in
the Langevin equations. gc and gm are the coupling of
the cavity mode and mechanical mode to the reservoirs
and related to the damping parameters as γc = piD(ωc)g
2
c
and γm = piρ(ωm)g
2
m via input output relations [60]
15,
where D(ωc) and ρ(ωm) are the optical and mechanical
density of states.
Writing Eq. (13) in the form
Hˆint = (g
∗δcˆ+ gδcˆ†)(δaˆm + δaˆ†m), (17)
with g = αcg0/2, one can demonstrate that the laser
pump is utilized for increasing the effective interaction
between δcˆ and δaˆm.
Refs. [36, 49] investigate the response of an optome-
chanical system to a weak probe pulse of frequency ωp
(∆p = ωp−ωL in the rotating frame), around the steady-
state, while the cavity is pumped by the coupler laser εL.
The weak probe pulse is included into the hamiltonian (8)
via an additional term [36, 49]
Hˆprobe = iε˜p(cˆ
†e−i∆pt − cˆei∆pt). (18)
14 First order terms already cancel.
15 Some researchers, e.g., Ref. [50, 51, 73], use gc =
√
γc equiva-
lently.
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Analogous to Langevin equations for noise operators,
i.e., Eqs. (14)-(16), Refs. [36, 49] consider infinitesimally
small probe fluctuation εp = ε˜p/gc (dimensionless)
αc(t) = αc + c+εpe
−i∆pt + c−ε∗pe
i∆pt (19)
xm(t) = xm + x+εpe
−i∆pt + x−ε∗pe
i∆t (20)
pm(t) = pm + p+εpe
−i∆pt + p−ε∗pe
i∆t (21)
over the steady-state amplitudes α¯c, x¯m, p¯m of the sys-
tem driven by the strong coupler laser. The inclusion of
the weak probe Eq. (18) changes merely the last equation
in the equations of motion (9)-(11) as
α˙c = −(κ+ i∆c)αc + ig0xmαc + εL + ε˜pe−i∆pt. (22)
In the second-quantized treatment [50, 51], this cor-
responds to ∼ e±i∆pt fluctuations in δcˆ, δxˆm and δpˆm
which can be introduced to the system, Eqs. (14)-(16),
via aˆin(t) over the vacuum noise, i.e., aˆin(t) → aˆin(t) +
p/gce
−i∆pt.
Using Eqs. (19)-(21) in the equations of motion (9),(10)
and (22), one obtains the linear response of the system
to the weak (εp) probe as [36, 49]
c+ =
([κ−i(∆+∆p)](∆2p−ω2m+iγm∆p)−iωm|g|2)
[(κ−i∆p)2+∆2](∆2p−ω2m+iγm∆p)+2ωm∆|g|2 gc .
(23)
Reflection R(ω) and transmission T (ω) coefficients can
be determined from the input output relations, 16
R(ω) = 2piD(ωc)gcc+ − 1, (24)
T (ω) = 2piD(ωc)gc. (25)
For a single-sided cavity, i.e., when the right mirror is a
perfect reflector attached to a mechanical oscillator, there
is only reflection output. In this case, one merely needs
to replace κ = 2γc with κ = γc, since the cavity couples
to the reservoir from a single semitransparent mirror. γc
is the rate for the decay of the cavity field to outside
(vacuum) from only one of the semitransparent mirrors.
IV.2.2. Nonanalyticities
In Fig. 14a, we plot the locations of the nonnalytic-
ities of R(ω). After exceeding a critical cavity-mirror
coupling g > gcrt, nonanalyticities of the “first-order” re-
sponse function R(ω) move to the UH-CFP. Exactly at
the same value gcrt, negative phase velocities of reflected
and transmitted waves accompany the violation of KKRs
for that optomechanical system. This is the same behav-
ior with Fig. 8 belonging to the Otto configuration.
16 We kindly note that, in the calculation of Eqs. (24), (25), one
does not need the actual value of gc. Because when the gc, at the
end of Eq. (23), is included in Eqs. (24), (25), γc = piD(ωc)g2c
appears.
FIG. 14. (a) Location of the nonanalyticities in the
first-order response of an optomechanical system, depicted
in Fig. 13. Nonanalyticities of R(ω) move intp the upper
half (UH) of the complex frequency plane (CFP), UH-CFP,
after a critical cavity-mirror coupling g > gcrt. Exactly at
the same critical coupling phase velocity of the (b) reflected
and (b) transmitted waves change sign from positive to nega-
tive abruptly. Thus, movement of the nonanalyticities in the
first-order response is accompanied by negative phase (single
frequency) velocities. This behavior is the same observed in
Fig. 8 for an Otto configuration.
IV.2.3. Nonanalyticities via effective index method
As a double-check, we also calculate the effective in-
dex [38, 39] for the optomechanical cavity described by
the reflection R(ω) and transmission T (ω) functions. Ef-
fective dielectric function, again assuming a nonmagnetic
medium, can be obtain from Eq. (3), given in Sec. II.2,
as
eff(ω) =
[c+(ω)− 2]2 + c2+(ω)ei2kL
(1− ei2kL)c2+(ω)
. (26)
L is the cavity length and k is the wavenumber.
A quick examination of the denominator of eff(ω)
in Eq. (26) shows that eff(ω) has poles (i) for (1 −
e−i2kL) = 0 and (ii) for c+(ω) = 0. Thus, effective in-
dex n2eff(ω) = eff(ω) displays nonanalyticities c+(ω) = 0
which has nothing to do with the interference like ori-
gin, e.g., (1− e−i2kL) = 0 whose solutions are already in
the real-ω axis. In other words, c+(ω) = 0, equivalently
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FIG. 15. (a) Effective index neff(ω) ∝ 1/c+(ω) of an op-
tomechanical system changes sign at the same critical cou-
pling g = gcrt where nonanalyticities move into the UH-
CFP in Fig. 14a. (b) The sign change in the phase of
neff(ω) ∝ 1/c+(ω) indicates the presence of a negative index.
T (ω) = 0, do not depend on L 17.
Fig. 15a demonstrates that effective index neff(ω) ∝
1/c+(ω) changes sign at the critical coupling g = gcrt
where first-order nonanalyticities of the system move to
the UH-CFP in Fig. 14a. Fig. 15b further shows that
phase of the effective index changes sign at the same crit-
ical coupling.
Although eff(ω) in Eq. (26) depends on L, actually, L
dependence can be completely removed from the system
parameters if one considers a single-sided cavity. The
effective index becomes
neff(ω) =
1−R(ω)
1 +R(ω)
=
2− 2c˜+
2c˜+
, (27)
where
c˜+(ω) =
([κ−i(∆+∆p)](∆2p−ω2m+iγm∆p)−iωm|g|2)
[(κ−i∆p)2+∆2](∆2p−ω2m+iγm∆p)+2ωm∆|g|2 γc.
(28)
Here, again, c˜+(ω) = piD(ωc)gcc+(ω) = 0 determines
the nonanalyticities (poles) and wave interference is not
implemented in the system anymore 17.
While the origins of the violation of KKRs in Otto con-
figuration [31] and other systems [16–19], [32] can be a
jump-like 9 behavior, the origin of the same phenomenon
is the cavity-mirror coupling in optomechanics. This in-
teraction is shown to induce a single-mode nonclassicality
(e.g. quadrature squeezing) in the cavity mode above the
same critical coupling, which is possible to survive “vi-
olation of KKRs” from implementing the “violation of
causality” [52].
17 Yes, g0 depends on L. But it is not responsible for interference.
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FIG. 16. (a) An optomechanical system also displays second-
order nonanalyticities in the UH-CFP for the group response
neff(ω). (b) A negative group delay τR < 0, observed in
Ref. [36], accompanies the presence of nonanalyticities in the
UH-CFP.
Above, we demonstrated the accompaniment of a neg-
ative phase velocity to the movement of the nonanalyt-
icities to the UH-CFP. This is observed in the first-order
response. Fig. 16 farther demonstrates that the negative
group delay τR < 0, observed in Ref. [36], also accom-
panies the presence of the nonanalyticities of the group
(second-order) response τR(ω) in the UH-CFP.
IV.2.4. Gain medium?
An optomechanical system actually is a gain medium.
The coupler laser (εLe
−iωLt) provides energy to the sys-
tem which can provide gain to the weak probe pulse
εpe
−i∆pt. Then, one can naturally argue that movement
of the nonanalyticities to the UH-CFP, in Fig. 14, may
also originate from this gain medium. That is, as it hap-
pens in an EIT medium [60].
As a counter-demonstration we kindly ask the audi-
ence to notice the following arguments. All the results
presented in this subsection (i.e., Sec. IV.2), actually,
is merely the solutions of the “linearized hamiltonian”
given by Eq. (17). This is the same for Refs. [36, 49–
51]. After such a linearized treatment, the coupler laser
pump (εLe
−ωLt) disappears from the effective hamilto-
nian which results the Langevin equations (14)-(16) for
the noise operators δcˆ and δaˆm. The semi-classical ap-
proach [36, 49], Eqs. (19)-(21), from which we obtain
c+(ω) in Eq. (23), is also equivalent to inserting the fluc-
tuations
δc = c+εpe
−i∆pt + c−εpei∆pt, (29)
δxm = x+εpe
−i∆pt + x−εpei∆pt, (30)
δpm = p+εpe
−i∆pt + p−εpei∆pt (31)
into the Langevin equations (14)-(16) for the noise oper-
ators, as εp << 1 (or εp →∞).
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That is, after the linearization, repeating ourselves
that all the results do rely on, the laser pump inter-
vene the system only by turning up the effective coupling
g = αcg0 in the hamiltonian (17). We remark 3 points.
(i) There is no gain in the Langevin equations (14)-(16)
governing c+(ω). (ii) There is no physical restriction for g
in hamiltonian (17) to be sufficiently large (i.e. g > gcrt)
without a cavity field enhancement. There is no such re-
strictions also for decay rates γc and γm, i.e., no physical
lower bound. (iii) Hˆint in Eq. (17) is already a typical
(physical) interaction hamiltonian for a two mode sys-
tem. Therefore, (i)-(iii) demonstrate that the results pre-
sented in this subsection are also valid for a no-gain (for
a sufficiently enough coupling or low damping) medium.
In short, in a two mode system interacting via hamil-
tonian (17), a negative phase-velocity accompanies the
movement of the nonanalyticities to the UH-CFP. We
kindly note that our aim is the demonstration of such
an accompaniment for different optical setups. And we
observe that such an accompaniment appears both for a
gain (active) and no-gain (passive) media as discussed in
this subsection.
V. SUMMARY AND CONCLUSIONS
In summary, we present a systematic investigation of
the nonanalyticities in the first-order and second-order
responses of several optical setups. (i) We name the non-
analyticities as in the first-order if they appear in the
refractive index or reflection/transmission functions. (ii)
We name the nonanalyticities as in the second-order if
they show up in the group (wave packet) behavior such as
group index or group delay of a reflected beam. Second-
order response contains the derivatives of the first-order
response functions with respect to ω, e.g., ng(ω) = dk/dω
or τR(ω) = dφR/dω. We explore: when such nonana-
lyticities move to the upper half (UH) of the complex
frequency plane (CFP), UH-CFP, indicating a violation
of Kramers-Kronig relations (KKRs) —not the causality
itself 8.
In short, we demonstrate that a negative velocity
(v < 0) accompanies the movement of the nonanayticities
into the UH-CFP. This is observed both in the first-order
and second-order responses. In the first-order response,
we show that a jump of the phase velocity from positive
to negative accompanies the movement of the nonanalyt-
icities into the UH-CFP. The two transitions are shown
to appear exactly at the same parameters for the Otto
configuration and optomechanical system.
Regarding the second-order (group or wave packet) re-
sponse, we show that a negative group delay (or veloc-
ity) accompanies the presence of nonanalyticities in the
UH-CFP of the group response. Investigating the non-
analyticities of the second-order response has particular
importance. Because the pulse-center propagation, one
measures in the experiments [1–4], is governed by the
group velocity [5–7, 9].
A crucial result we observe is: in a uniform Lorentzian
dielectric, nonanalticities of the group index are not lo-
cated in the UH-CFP for vg > c. Nevertheless, the non-
analyticities are located in the UH-CFP when vg < 0.
This result suggests the following understanding. vg > c
(or ng < 1) is to be regarded analogous to v > c (or
n < 1) for the phase velocity which is a common (not
anomalous) phenomenon in optics. Because both for
v > c and vg > c nonanalyticities are in the UH-CFP,
thus indicating the nonexistence of a true superluminal
behavior (flow) [7, 10]. A true superluminal propaga-
tion would correspond to the violation of KKRs (not the
causality) due to the structure of the classical electro-
magnetism which is consistent with the special theory
of relativity [11, 58]. That is, a true superluminal flow
would show itself as a flaw in electromagnetism. A neg-
ative index, neff < 0 or ng(ω) < 0, however, is observed
to be possible for possessing a true superluminal flow.
Because the nonanalyticities move to the UH-CFP.
Therefore, while vg > c and vg < 0 are both referred as
superluminal pulse-center propagation in the literature,
we emphasize that, the two need to be differentiated from
each other. vg < 0 is possible to be associated with a true
superluminal flow “in the group (second-order)” response
while vg > c can be regarded analogous to phase velocity
v > c.
Our study is also related with the presence of negative-
index materials without necessitating , µ < 0 [40–43] 7.
We believe that the phenomena (behaviors) we learn from
the second-order response (vg; the measured pulse-center
propagation) can shed light also onto the first-order re-
sponse.
The literature demonstrates the nonanalyticities ap-
pearing in interference-like devices [16–19, 31, 32] includ-
ing the Otto configuration [31]. In such systems, wave
is possible to vanish in some finite thickness spatial re-
gions due to interference 9. This can happen at certain
wavelengths where reflected and transmitted waves can-
cel each other perfectly. Such a spatial gap may result
anomalous tunneling-like (jump-like9) behavior, where
for instance light can behave as if tunneling two slabs
of different thicknesses at equal time [28]. Hence, we
expect that violation of KKRs in such interference-based
setups could be regarded as appearing due to the assump-
tion of instantaneous spreading of the wave functions to
infinity [21–24] in wave mechanics.
In this work, we also demonstrate a phenomenon where
movement of the nonanalyticities to the UH-CFP is not
the interference. We show that an optomechanical sys-
tem also violates the KKRs above a critical cavity-mirror
coupling g > gcrt where, again, a negative phase-velocity
introduces. A similar phenomenon is demonstrated to
appear also in a passive medium which mimics the effec-
tive interaction present in an optomechanical system.
Finally, we underline that we do not present a formal
proof for the coexistence of negative phase/group velocity
and the appearance of nonanalyticities in the UH-CFP.
We rather demonstrate this accompaniment on several
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setups. Nevertheless, we believe that this demonstra- tions will stimulate further investigations on such a coin-
cidence.
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